We analyze the electric current and magnetic field driven domain wall motion in perpendicularly magnetized ultrathin ferromagnetic films in the presence of interfacial Dzyaloshinskii-Moriya interaction and both out-of-plane and in-plane uniaxial anisotropies. We obtain exact analytical Walker-type solutions in the form of one-dimensional domain walls moving with constant velocity. These solutions are embedded into a larger family of propagating solutions found numerically. Within the considered model, we find the dependencies of the domain wall velocity on the material parameters and demonstrate that adding in-plane anisotropy may produce domain walls moving with velocities in excess of 500 m/s in realistic materials under moderate fields and currents.
In their seminal paper, Schryer and Walker discovered an exact analytical solution of the LandauLifshitz-Gilbert (LLG) equation describing a moving onedimensional (1D) domain wall (DW) [1] . In this so-called Walker solution, the magnetization rotates in a fixed plane determined by the material parameters and magnetic field, connecting the two opposite in-plane equilibrium orientations of magnetization. The Walker solution has since been used in numerous problems of DW motion to successfully explain the underlying physics of magnetization reversal [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
More recently, out-of-plane magnetized ultrathin films with Dzyaloshinskii-Moriya interaction (DMI) [15, 16] have attracted significant interest [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] due to their potential advantages for high-performance spinorbitronic devices [28] [29] [30] . These materials exhibit magnetic domains separated by chiral DWs, and the dynamics of the latter is crucial for determining the process of magnetization reversal [30] [31] [32] . Yet no explicit Walker-type solution has been demonstrated to exist in such systems, which significantly hinders understanding of the DW motion in these systems.
In this Letter, we report a new exact analytical solution for the steady DW motion in out-of-plane magnetized films, which is analogous to the Walker solution for films with in-plane equilibrium magnetization. For this solution to exist, a small in-plane anisotropy is required in addition to the dominant out-of-plane anisotropy, such that the film is still magnetized out-of-plane. We consider both current and field driven DW dynamics in the presence of interfacial DMI and show that this new solution can describe the DW motion observed in recent experiments [23, 24, 27] .
At nonzero DMI strength, our solution fixes the angle of magnetization in the DW such that it acquires a strictly Néel profile. The solution also fixes the angle between the direction of the current and DW normal. This angle depends on the relative strength of magnetic field and the applied current, but, notably, is independent of the DMI strength. Moreover, in the absence of DMI we find an entire family of exact solutions for every angle between the normal to the DW and in-plane easy axis. Although the dynamics in biaxial ferromagnets has been the subject of many works, see e.g. [33] [34] [35] [36] , the interplay between DMI and biaxial anisotropy has thus far been completely overlooked.
On an applied side, we demonstrate that one can achieve the highest propagation velocities for tiltless DWs, i. e., DWs which move along the current with the DW front strictly perpendicular to the current, by appropriately tuning the current and magnetic field, see Fig. 1 . As a result, we provide an exact experimentally relevant [18, 23, 24, 27] way to choose the magnetic field for a given current (or vice versa) to achieve the maximal DW velocity in a nanowire. We note that in thin nanowires, the direction of current along the wire would coincide with the direction of the in-plane easy-axis shape anisotropy due to stray fields [37] .
Model. We consider an extended ultrathin ferromagnetic film with interfacial DMI and two anisotropies: larger out-of-plane and smaller in-plane. We are interested in the dynamical behavior of magnetic DWs under the action of an out-of-plane magnetic field or an electric current applied in the plane of the film. Our analysis is based on the LLG equation with spin-transfer torques [6, 34] describing the evolution of the magnetization vector M = M(r, t). The reduced micromagnetic energy is a functional of the magnetization configurations arXiv:1808.03772v1 [cond-mat.mes-hall] 11 Aug 2018 which vary only in the film plane and are constant along the direction perpendicular to the film. This assumption is appropriate for ultrathin films [38] that are much thinner than the exchange length ex = 2A/(µ 0 M 2 s ), where A is the exchange constant and M s = |M|. Setting M(x, y) = M s m(x, y) with |m| = 1 and measuring all lengths in the units of ex , we rewrite the energy (in the units of 2Ad with the film thickness d) as [39] :
Here m = (m , m z ) with m = (m x , m y ), and we introduced the dimensionless parameters corresponding to the dimensional out-of-plane anisotropy constant K z , inplane anisotropy constant K x , interfacial DMI constant D, and out-of-plane magnetic field H z , respectively:
We assume that k z > 1 and 0 < k x < k z − 1 to ensure that m = ±ẑ are the only stable equilibria for h z = 0. The LLG equation may then be rewritten in the following dimensionless form [39] :
where h eff = −δE/δm with E given by Eq. (1), time is measured in the units of (γµ 0 M s ) −1 , γ = g e |e|/(2m e ) is the gyromagnetic ratio, α is the Gilbert damping constant, β is the nonadiabatic spin-transfer torque constant, the dimensionless current is defined as j = P J/ 8Ae 2 µ 0 M 2 s , J is the in-plane electric current density, and P is the spin polarization of current.
DW profile. We would like to understand the dynamics of DWs moving under the action of either a magnetic field or spin-transfer torques due to an electric current. Since a priori the DW profile is not known, it has to be found by solving an appropriate form of Eq. (3). More specifically, by a DW profile moving with normal velocity V in the direction of the unit vectorn we mean a 1D solution of LLG equation (3) of the form m = m(r ·n − V t). Substituting this traveling wave ansatz into Eq. (3) and using spherical coordinates m = (sin θ cos φ, sin θ sin φ, cos θ), yields the following system of ordinary differential equations for θ and φ as functions of ξ = r ·n − V t [39] :
and
where for convenience we definedp = (− sin φ, cos φ).
Equations (4)- (5) need to be supplemented by the conditions at infinity. With the convention that the positive velocity (V > 0) corresponds to a domain with m = −ẑ expanding, while the one with m =ẑ shrinking, we then require θ(−∞) = π and θ(+∞) = 0. Note that finding the DW velocity V is part of the problem of solving Eqs. (4) and (5). Walker solution. We start by noting that in the absence of DMI (κ = 0) the above system of equations admits an exact solution for everyn with the help of the Walker ansatz [1] , thereby generalizing the results of Refs. [35] to two-dimensional (2D) film. Namely, setting φ = φ 0 = const and matching the second derivative of θ(ξ) to the term proportional to sin 2θ yields the system of equations
producing a Walker-type solution for a steadily moving DW:
which propagates with velocity
where φ 0 solves
(11) The obtained front velocity depends on the propagation directionn, unless j ·n = 0. In particular, in the absence of an applied field (h z = 0) the propagation velocity is maximal in the direction of j. Notice that the solution exists only when the magnitudes of the applied field h z and current j do not exceed some critical values corresponding to Walker breakdown [1, 35, 40] .
We now return to the situation in which interfacial DMI is present. It is easy to see that when κ = 0 the Walker solution obtained above is generally destroyed.
Nevertheless, Eqs. (6)- (8) are preserved in the special case when φ 0 is chosen so thatn ·p = 0. This condition is equivalent ton
which corresponds to a Néel-type DW profile, in which the magnetization rotates entirely in then-ẑ plane. In terms of the space-time variables, the obtained solution is given explicitly by m(r, t) = (±n sin θ(r ·n − V t), cos θ(r ·n − V t)), (13) where θ is given by Eq. (9), and here and everywhere below "±" corresponds to the choice of the sign in Eq. (12) . This is a new exact Walker-type solution that is valid in the presence of interfacial DMI and describes a 1D moving DW profile. Its direction of propagation is given by the solutions of Eq. (12), where according to Eq. (11) the constant φ 0 solves the following equation for j = (j x , j y ):
In the general case, Eq. (14) reduces to a fourth-order polynomial in cos 2 φ 0 , whose roots can in principle be found for all values of the parameters. Below we consider two important cases of purely current or magnetic field driven DW motion, which are simpler mathematically and contain all the essential physics. For definiteness, in the rest of the paper we assume κ > 0 and fix the positive sign in Eq. (12), corresponding to the minimum of the DMI energy. It then allows us to also think of φ 0 as the angle defining the unit normal vector in the direction of DW propagation whenever V > 0.
Before concentrating on moving DW profiles, we consider the particular case of no applied field and no external current, corresponding to equilibrium DWs. Setting h z = 0 and j = 0, one can see that Eq. (14) yields four distinct solutions: 
One can see that the DW energy E 0 is positive and is minimized by φ 0 = 0, π for |κ| < (4/π) √ k z − 1 − k x . Furthermore, the DMI contribution is minimized by the "+" sign in Eq. (12) when κ > 0, and by the "−" sign when κ < 0. These minimizing choices of φ 0 and the sign in Eq. (12) yield global minimizers (up to translations) of the 1D DW energy under the conditions θ(−∞) = π and θ(+∞) = 0 for Eqs. (4)- (5), since in this case both the interfacial DMI and the in-plane anisotropy contributions to the energy are separately minimized (as shown e. g. in [41] ). Thus, the choices ofn dictated by Eq. (12) with the above choices of φ 0 and the sign correspond to the orientations of the DW with the lowest energy per unit length.
We now consider two characteristic cases, in which the DWs move. In the simplest case of no current, we find that for |h z | ≤ h c z the propagation angle of a moving DW solving Eq. (14) satisfies
Once again, this equation produces 4 distinct values of φ 0 ∈ (−π, π] whenever |h z | is below the Walker breakdown field h c z . Due to the symmetry φ 0 → φ 0 + π, n → −n in the case j = 0, this still results in 2 distinct solutions, upto 180
• rotations, having different propagation velocities determined by Eq. (10). For both values, the sign of V coincides with that of −h z , while the magnitude of V is maximized by φ 0 = (1/2) arcsin(2h z /αk x ). Note that this choice corresponds to the branch of solutions that connects to the global DW energy minimizers as h z → 0 and should thus correspond to the physically observed solution. The DW velocity is given explicitly by
In particular, the velocity V and the propagation angle φ 0 at small fields grow approximately linearly with h z , while for values of |h z | comparable with h c z they acquire a nonlinear character. The magnitude of the propagation angle |φ 0 | is a monotonically increasing function of |h z |, whose maximum |φ 0 | = π/4 is achieved at the Walker breakdown field |h z | = h c z . Also, it is not difficult to see that the interfacial DMI part of the DW energy is, in fact, globally minimized by our sign choice in Eq. (12) .
Next, we consider the case of purely current-driven DW motion with j = (j x , 0) along the in-plane easy axis. By Eq. (14) one DW solution corresponds to a profile with V = 0 and φ 0 = −π/2, π/2. For j x < j c x , where the critical "Walker breakdown" current is
Eq. (14) has two additional solutions:
and another one obtained by changing φ 0 → π − φ 0 (and V → −V in the equation for the velocity). Focusing on the first solution and substituting the angle from Eq. (19) into Eq. (10) we obtain the DW velocity
We point out that in the purely current driven case the DW velocity in the horizontal direction V x = V / cos φ 0 takes a universal form V x = βj x /α [see Eq. (10)] also found for current-induced DW and skyrmion motion in other systems [35, 42, 43] . In particular, the DW in this case is driven only by the non-adiabatic torque associated with constant β, which is consistent with DW motion in other systems [34, 35] . As the magnitude of j x is increased, the angle φ 0 monotonically increases, first approximately linearly with current, and then acquiring a nonlinear character closer to its maximum value |φ 0 | = π 2
at |j x | = j c x . For larger currents one would expect |φ 0 | to remain equal to π/2, consistent with the static DW solution noted above.
Other traveling-wave solutions. As we have just demonstrated, the Walker-type solutions obtained above in the case κ = 0 exist only for certain specific directions of propagation determined by the solutions of Eqs. (14) and (12) . In contrast, for κ = 0, there exists a traveling wave solution for every directionn, provided that |h z | and j are not too large. To investigate this issue further, we carried out numerical simulations of the 1D version of Eq. (3). Specifically, we solved the LLG equation with an initial condition m(r, 0) = (n sech( 1 2 r ·n), tanh( 1 2 r ·n)), wheren is given by Eq. (12) with a plus sign, and we determined the long-time asymptotic DW wall profile. For all choices of parameters used in our simulations the solution always converged to a DW moving with a constant velocity V = V (φ 0 ). In particular, for every propagation direction we found a propagating DW solution, which coincided with the Walker-type solution obtained above for the particular propagation direction satisfying Eq. (14) .
We illustrate our findings with simulation results obtained for material parameters as in [18] :
2 , and α = 0.5. We carried out simulations for inplane anisotropy constant K x = 0.125 × 10 6 J/m 3 and field H z at zero current, µ 0 H z = −25 mT, corresponding to small values of k x and field magnitude |h z | comparable to the Walker breakdown field h c z [44] . We then obtained the DW profile and velocity as a function of propagation direction. The profile was very close to that of the Walker solution, coinciding with it exactly when φ 0 solves Eq. (14) . A plot of V (φ 0 ) for these parameters is presented in Fig. 2 .
For small values of k x the DW moves with velocity nearly independent of direction and its magnitude is close to the velocity of the Walker solution. Interestingly, in this case the DW velocity's dependence on the angle of propagation, V (φ 0 ), is very well approximated by Eq. (10), see Fig. 2 . On the other hand, as the value of k x is increased, the velocity begins to exhibit a substantial dependence on the angle of propagation and starts to deviate from the prediction of Eq. (10), except for the Walker solution, even if the latter still gives a fairly good approximation to its magnitude. When k x approaches its maximum value of k z − 1 the velocity exhibits a strong directional dependence that is not captured by Eq. (10), except, once again, for the Walker-type solution. Note that in the original dimensional units the propagation velocity V 2Aµ 0 γ 2 0 reaches values of the order of 500 m/s. Thus, the effect of a large in-plane uniaxial anisotropy is to accelerate the DW by promoting the magnetization rotation in the easy in-plane direction.
Similar results have also been obtained for current driven DW motion with no applied field. For example, for K x = 0.4 × 10 6 J/m 3 , β = 0.25, P = 1, and J x = 5 × 10 12 A/m 2 , we found that the DW velocity is given by Eq. (10) with h z = 0. This is consistent with the expected physical picture that the DW is advected with the velocity V x = βj x /α along the direction of the current.
Motion along easy in-plane anisotropy. The analysis of the Walker solution performed above indicates that one can also select the Walker solution moving in a prescribed direction characterized by the angle φ 0 via an appropriate choice of the relationship between h z and j. Furthermore, as can be seen from Eq. (10), for h z < 0 and |j| fixed the maximum velocity of the Walker solution is achieved for j y = 0 and φ 0 = 0. Substituting this into Eqs. (14) and (10) then yields
It is interesting to note that this maximal propagation velocity turns out to be independent of most of the material parameters. Furthermore, the required field h z vanishes in the special case α = β. Observe that these solutions correspond to moving DWs with no tilt, contrary to those seen in Ref. [18] in the absence of in-plane anisotropy.
Traveling waves in the absence of damping, field, and current. It is interesting that the obtained Walker solution also allows to construct steadily moving DW solutions at zero damping, α = 0, for any angle φ 0 by taking the limit α → 0, while choosing h z to satisfy Eq. (16) and setting j = 0. Substituting this into Eq. (10) yields yet another exact solution valid for j = h z = α = 0, in the form of a DW moving with velocity
in the direction ofn in Eq. (12) and with profile given by Eq. (13) . This solution represents a 1D solitary wave propagating in the direction characterized by φ 0 in the Hamiltonian setting, in the presence of interfacial DMI. 2D simulations. To illustrate the role of the obtained DW solutions in magnetization reversal, we carried out full numerical simulations of Eq. (3) in a nanostrip geometry. The movie demonstrating the onset of a tiltless DW propagation due to both electric current and out-ofplane field is given in [45] . A snapshot of the established steadily moving DW from this simulation is shown in Fig. 1 . We used the same parameters as in 1D simulations above [46] . The initial state was chosen to have a single Néel DW across the strip in the absence of field and current. In the simulation we then applied both current alongx and field alongẑ. For the Néel DW in which the magnetization m goes from +ẑ through +x to −ẑ as one goes from left to right (see Fig. 1 ), the current and the field both drive the DW in the same direction, namely to the right. We observe that the solution quickly approaches a nearly 1D steadily propagating DW profile corresponding to the Walker type solution constructed above.
Conclusions. We have studied the model of ultrathin ferromagnetic film with interfacial DMI and two magnetic anisotropies. When the out-of-plane anisotropy is stronger than the in-plane anisotropy, we have found an exact 2D travelling wave DW solution [Eqs. (9) and (13)] driven by both electric current and magnetic field. This solution is an analogue of the well-known Walker solution for a 1D steadily moving DW. The presence of an inplane anisotropy is crucial to stabilize this solution, and moreover it allows us to find analytical expressions for the DW propagation direction and velocity [see Eqs. (12) and (14)] as functions of all material parameters.
